
Int. J. Solids Structures, 1971, Vol. 7, pp. 805 to 823. Pergamon Press. Printed in Great Britain

THE USE OF FINITE ELEMENT MID-INCREMENT
STIFFNESS MATRICES IN THE POST-BUCKLING
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Abstract-The advantage of using a linearized mid-increment stiffness matrix in the finite element incremental
analysis of nonlinear structures is demonstrated. The method is applied to the post-buckling analysis of an
imperfect strut and plate. Features of the paper are a clear presentation of the incremental process, the use of
Marguerre's shallow shell theory to avoid transformations between local and global axes, and the calculation
of stresses in the post-buckled state. The computational similarity of the incremental and Newton-Raphson
iterative processes is pointed out.

1. INTRODUCTION

THE earliest work on the finite element analysis of the geometrically nonlinear behaviour
of structures is that of Turner et al. [1]. They described the use oflinear increments, with an
"initial stress" or "geometric" stiffness matrix recalculated before each increment. An alter
native method was used by Oden and Sato [2] who solved the nonlinear equations by the
Newton-Raphson iterative procedure (see also Zarghamee and Shah [3] and Walker [4]).
Martin [5] gives an account of work up to 1965, which was mainly concerned with beam
elements and Mallett and Marcal [6] summarize later work. More recently attention has
been directed to the large deflection of plates (Kawai and Yoshimura [7], Brebbia and
Connor [8], Murray and Wilson [9]).

The solution of such problems is very expensive in both computer time and storage.
The present paper describes the use of mid-increment stiffness matrices which greatly
reduce the number of increments required to achieve a given accuracy. This is first demon
strated by considering the large deflection of a laterally-loaded square plate. The method
is then applied to the postbuckling behaviour of an imperfect strut and an imperfect
simply-supported square plate with in-plane compression.

A slender strut is found to fail at a load close to the theoretical Euler critical load, but
this is not true of plates in compression. Lateral constraints at the longitudinal edges can
lead to a redistribution of the membrane compression, and such panels are able to with
stand loads several times greater than the theoretical buckling load. Levy [12] gives an
exact (Fourier series) solution for a simply-supported plate with longitudinal edges free
to move but constrained to remain straight. Hu et al. [13] extend the solution to include
imperfections and show that their solution converges to Levy's for loads of two or three
times the critical load.

Schmit et al. [11] have tackled the problem using finite elements. They iterate to a mini
mum of potential energy, using a fully compatible rectangular element with 48 degrees of
freedom. Murray and Wilson [10] also use an iterative method and triangular elements that
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(1)

require transformation from local to global axes. In the present paper a rectangular shell
element is used, which having only 20 degrees of freedom is much simpler than that used
by Schmit et al., and being treated within the framework of shallow shell theory does not
require transformation of axes. The method of incrementing displacements is used, with a
linearized mid-increment stiffness matrix calculated for each increment of displacement.
Results obtained agree well with known analytical solutions for both imperfect struts and
plates. Stresses are calculated as well as deflections, and a feature of the paper is the very
simple presentation of the derivation of the incremental stiffness matrix.

A similar type of shallow element for the large deflections of plates, has been used by
Brebbia and Connor [8].

The nonlinear behaviour of plates was considered by von Karman [14], with the
assumption that although the deflections w, from the initial x, y plane, are sufficient to
cause significant membrane stress resultants-and therefore to invalidate linear plate theory
-slopes ow/ox, ow/oy remain much less than unity. Von Karman's pair of simultaneous
nonlinear differential equations for wand the membrane stress function F were extended
by Marguerre [15J to the case of plates which when unstressed have w = Wo # 0, i.e. to
the case of shallow shells. (See Reissner [16] for an account of shallow shell theory.) In the
present paper we do not employ Marguerre's differential equations, but use the correspond
ing potential energy function to derive the linearized incremental stiffness matrix for a
rectangular element (see Appendix 1).

2. THEORY

Consider a structure in equilibrium under the action offorces Pi' the deflected form being
defined by a finite number of corresponding displacements qj'

Then Castigliano's theorem states

oU = p.
Oqi '

where U is the strain energy of the structure expressed as a function of the qi' Let .1. denote
increments in these quantities so that the structure remains in equilibrium. Then

O(U +.1.U) = p.+.1.P.
O(qi+.1.qi) , ,.

If U and qi are regarded as constant, only .1.U and .1.qi varying,

O(U +.1.U) O.1.U
O(qi + .1.qi) O.1.qi·

Therefore

(2)

(3)
o.1.U
- = P+.1.P·O.1.qi ' ,.

Equation (3) provides a basis for what is referred to in the literature as the incremental
method. We now derive the incremental stiffness matrix for a curved beam element. The
extension to shells follows along similar lines (see Appendix 1) but involves considerable
work.
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Consider the element shown in Fig. 1, with cross section area A, second moment of area
1 and Young's modulus E. Wo defines the initial shape, and wand U the deformed shape,
where wo, wand u may be expressed as linear functions of the displacements at nodes A
and B. On the assumption that (dw/dx)2 can be neglected compared with unity we can
express the strain energy of the element as follows:

U = El fa [d
2
W_ d

2
woJ2 dx

2 0 dx2 dx2

+EA fa [dU +~(dW)2 _~(dwo)2J2 dx
2 ° dx 2 dx 2 dx

"-( --=0'-- ----7;/

r--....:/0r--------,,'~__,,'_---_._~x ,u

-- ........-- ........--.......

z,w

FIG. I. Shallow curved beam element.

(4)

where the first term represents the strain energy of bending and the second the axial strain
energy. Let d denote increments in the above quantities and suffices x, xx denote differenti
ation.

If i>dqi represent small variations in the dqi equation (3) can be rewritten

odU
i>dq.- = (P.+dP.) Mq.'Odqi I , I

(5)

(6)

where repeated suffixes imply summation. dU will contain terms which are linear functions
of dqi' quadratic functions of dqi and higher order functions of dqi' Differentiation of the
linear terms gives rise to constants which must be equal to Pi' while differentiation of the
quadratic terms leads to linear functions of dqi which are equated to dPi. Higher order
terms in dqi are neglected to make the problem incrementally linear. Hence, on substituting
dU from equations (5) and (4) into equation (6), cancelling terms equivalent to Pi and
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neglecting terms of third and higher order in i1q; we have

EI fa EA fa
bi1q;i1Pi = 2 0 2i1wxx bi1wxx dx+T J

o
[2i1uxbi1ux+2uxi1wxbi1wx

+ 2wx(i1ux bi1wx+i1wx bi1ux)+3w;i1wx bi1wx

- W5,xi1wx bi1wxJdx. (7)

Since i1wxx is a function of the nodal displacements i1q;, bi1wxx is a function of bi1q;. Equa
tion (7) can now be conveniently expressed in matrix form as follows:

+EAfa[bi1WX,bi1UXJ[1W;-iWL:.. ][ ]o ~ i1~
+ux : dx.

----- - --

Wx ; i1ux (8)

All that remains is to relate the displacement functions w, U to the nodal displacements
q;. This is achieved by choosing suitable polynomial shape functions as follows:

W = [1,x,x2,x 3,0,0,0,0]{a}

u = [0,0,0,0, 1,x,x2,x3]{a}.

Let the nodal displacements defining W be

WA,OA=~:I/ W B , 0B

and those defining Ube UA, UA,x' UB' UB.x (Fig. 1). Here uA.x means the value of du/dx at A.
Then taking the origin of co-ordinates at °in Fig. 1

W B = [l,a,a 2,a3,0,0,0,OJ{a}.

Treating all the other nodal displacements in a similar way we arrive at the matrix expression

uA •x = [A]{a} = {q}.

(9)

{a} are referred to as polynomial coefficients and [A] is an (8, 8) matrix relating polynomial
coefficients to nodal displacements.
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Now

and we can express
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Wxx = [0,0,2,6x,0,0,0,0]{~}
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(10)

[::] = [S2]{~} (11)

where [Sl] and [S2] are (2,8) matrices obtained by differentiation of the displacement
functions.

Also let

l3 2 1 2 I ]zWx-zWo,x I

I W X

[K 2 ] = +Ux I •---;----:--
x .

(12)

Substituting equations (10HI2) into equation (8) we have

{MqV{~P} = {MqV[Ar 1T s: [SlY[K 1][Sl] dx[Ar l{~q}

+ {<5~qV[Ar J: [S2Y[K2] [S2] dx[Ar l{~q}. (13)

Since this equation holds for any {Mq} it follows that

{~P} = [[Klin]+[KG]]{~q}

where

[Klin ] = [Ar 1T s: [SlY[K 1][Sl] dx[Ar 1

[KG] = [Ar 1T s: [S2Y[K2][S2] dx[Ar 1.

[KG] is often referred to as the geometric or initial stress stiffness matrix.
Combining [Klin +KG] to form the incremental stiffness matrix [KincJ

{~P} = [Kinc]{~q}. (14)

Equation (14) relates the increase in nodal forces {~P} to the increase in nodal displace
ments {dq}.

It will be noticed that [KG] necessitates the integration of functions such as X2W~ over
the length of the element. For the case under consideration this does not prove a severe
obstacle. However, in the case of a shell element, W contains' twelve terms so that numerical
integration is advisable.

The individual element stiffness matrices can be assembled to give the incremental
stiffness matrix for the complete structure.
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3. SOLUTION OF EQUATIONS

The solution of any problem by the finite element method eventually reduces to the
solution of a set of simultaneous equations. For the incremental method, since [KG]
depends upon the deformed shape prior to additional disturbances, the incremental
stiffness matrix has to be reformed and the equations solved at each step. It is very important
therefore, when dealing with large numbers of equations, as in the large deflection of plates
and shells, to optimize the solution routine.

The method adopted in the present work was a half band single term elimination
process (Brooks and Brotton [17]). Two further refinements were introduced, incrementing
displacements rather than loads (Argyris [18]) and the use of what we shall call the mid
increment stiffness. These have the following advantages.

(a) No prior knowledge of the load-deflection curve is required, only the magnitudes of
the deflections which are to be considered, e.g. in the nonlinear analysis of plates we may
require a central deflection of two to three times the plate thickness.

(b) The solution does not fail at a horizontal tangent on the load-deflection curve,
e.g. at snapping of a shallow arch.

(c) Use of the mid-increment stiffness, derived as follows, reduces the number of incre
mental steps required for any problem. At a particular stage of the incremental process the
deformed shape, and hence the incremental stiffness, depends on {q}n' To arrive at the next
equilibrium position on the curve

it would be desirable to derive the incremental stiffness from the mean value of these
displacements

However, {ilq}n+1 is not known, but an approximation can be obtained by assuming that
{ilq}n+1 is not very different from {ilq}n. The incremental stiffness is then derived from
displacements {q}n+Hilq}n. Solutions ofthe large deflections of plates subjected to lateral
loading show that this technique can at least halve the number of increments required to
attain a particular accuracy.

The procedure for incrementing displacements can be illustrated briefly as follows.
Suppose we wish to solve the equations

(15)

subject to the condition that qz = Q. For proportional loading the load vector can be
replaced by PI = r l 1', Pz = rz1', P3 = r31' where the r's are the ratios of the magnitudes of
the applied loads and l' is a variable which defines their magnitudes. Expanding equation (15)
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(16)

Equation (16) can be solved for ql, y, q3 and the magnitudes of the applied loads determined.
The manipulations necessary to combine this with the half band solution will not be

discussed as this would necessitate a full explanation of the banded solution itself.

4. LATERALLY LOADED SQUARE PLATE

To demonstrate the use of the mid-increment stiffness, a clamped square plate was con
sidered (Fig. 2) with side a, thickness h, Young's modulus E and uniform lateral pressure p.
Poisson's ratio was taken as 0·3. The quarter plate was divided into 16 square elements,
with the shape functions given in Appendix 1. The central displacement We was incremented
within the range 0 < We < 2h.

When the final deflection We = 2h had been reached, the solution was refined by the
Newton-Raphson iterative process (Hilderbrand [19]). This process can conveniently be
combined with the incremental process because the Jacobian matrix which must be re
calculated for each iteration of the Newton-Raphson process is identical with the incre
mental stiffness matrix which must be recalculated for each increment (see Appendix 2).
Solutions were considered to have converged when

~ i ( I!.q; )2 < 0.0001
n;=1 q;+l!.q;

where n is the number of nodal displacements (n = 125). Results are shown on Fig. 2, to
gether with a Fourier series solution by Levy [20].

20
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FIG. 2. Comparison of incremental solutions including Newton-Raphson correction.
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Five solutions were performed, all converging to the final point:
(a) single increment followed by 3 iterations;
(b) 2 normal increments followed by 3 iterations;
(c) 4 normal increments followed by 2 iterations;
(d) 2 mid-increments followed by 2 iterations;
(e) 4 mid-increments followed by 2 iterations.
The errors in the final values of the load obtained by the incremental processes, i.e.

before the Newton-Raphson iterations were: (a) 72 per cent; (b) 44 per cent; (c) 25 per cent;
(d) 10 per cent; (e) 1 per cent. Comparison of (b) with (d) and (c) with (e) shows the great
advantage in using the mid-increment stiffness matrices.

The solutions also show the usefulness of the iterative process when combined with a
coarse incremental solution. Two iterations were required in solution (e) because the first
iteration, though very close to the convergence limit, was just outside it; this was not so
for solutions (c) and (d).

Times required on the Atlas computer at Harwell were approximately 1 min for each
increment and 2 min for each iteration.

5. IMPERFECT STRUT

In the remainder of this paper results are given for two post-buckling problems for
imperfect structures, obtained by incrementing displacements. The first is the strut shown
in Fig. 3, having a small initial bow Wo = c sin(nxjl). This problem was chosen since an
analytical solution is readily obtained. Eight curved beam elements were used for the
complete strut, and two increment sizes (using mid-increment stiffness). The results are
shown in Figs. 4 and 5, for 1 40 in., c = 0·1 in., area of cross-section = 1·225 in. 2

, second
moment of area = 0·153125 in.4, E = 107 lbfin. 2

6. IMPERFECT PLATE IN COMPRESSION

To test the applicability of the finite element solution to the postbuckling behaviour
of plates we consider the case of a simply-supported square plate subject to membrane
stresses in the x-direction (Fig. 6). This problem has been solved using Fourier series by
Levy [12] for a perfectly flat plate, and by Hu et at. [13] for a plate with an initial deviation
from flatness defined by

Wo = c cin(nxja) sin(nyja).

p

.......---..---
p x.

FIG. 3. Initially imperfect strut.
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FIG. 4. Variation of central deflection with axial load for an imperfect strut.

The in-plane boundary conditions are such that all edges of the plate remain straight
and the average membrane stress ify along AM and NL is zero. The total compressive
force in the x-direction is ifxah.

For the finite element analysis, Poisson's ratio was taken as 0·3 as against 0·316 for the
analytical solutions. A trial run with y = 0·316 showed that the variation in results due to
this small discrepancy was negligible. Sixteen elements (see Appendix 1) were used on a
quarter of the plate and displacement increments made at point C in the x-direction. The
edges were constrained to remain straight by introducing stiffeners such that any relative

10,000
Euler critical load

8000

6000

4000

2000

002

- 10 increments ~

o Analytical solution

C In.

FIG. 5. Variation of end displacement with axial load for an imperfect strut.
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N L

a

FIG. 6. Initially imperfect plate.

in-plane displacement of points p, q say, normal to AM would result in a considerable
increase in the strain energy of the structure. It was found that if the stiffeners were made
too rigid (achieved by adding large numbers to appropriate elements of the stiffness
matrix) the solution became ill-conditioned. Because of this the present solution contains
discrepancies of approximately 2 per cent in the in-plane displacements of Band C relative
to the corners of the plate. The introduction of stiffeners also permitted the non-uniform
membrane stress (1x to be applied by means of equal point loads along sides AN and ML,
so that the ratios ri in equation (16) were known. The initial deviation from flatness consid
ered was the maximum given in [13] i.e. c = O·lh. It is important to notice that the present
approach requires that c =I' 0; otherwise there would be no interaction between bending
and membrane stresses, and a stability analysis would have to be carried out to give an
initial shape from which to begin the incremental analysis.

Figure 7 shows the variation of central deflection with the average compressive stress
ifx' (1cr is the critical stress for a flat plate with the same boundary conditions. Figure 8
shows that the effective width ratio belb defined as the actual load carried by the plate
divided by the load the plate would have carried for the same edge displacement had it
remained perfectly flat, decreases as ax increases.

Since [13] gives results only up to ax = 2(1c" finite element results for higher values of
ax are compared in Figs. 9 and 10 with Levy's solution for a perfectly flat plate. Also in
cluded on Fig. 10 is the approximate solution of Marguerre [21], belb = i{l + lin) where n
is the actual edge displacement over the critical edge displacement.

To investigate the distribution of stress throughout the plate, bending and membrane
stresses were calculated at the centre of each element. This procedure was adopted for two
reasons:

(a) The displacement functions chosen do not give continuity of stress along the ele
ment boundaries or at the nodes, therefore some form of smoothing process is required.

(b) Experience has shown that calculating membrane stresses at built-in edges, e.g.
in the large deflections of a built-in plate, leads to erroneous results, whereas the stresses
calculated at the centre of each element are ,n good agreement with analytical solutions.
This is probably due to the choice of simple shape functions to represent the in-plane dis
placements.
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FIG. 7. Variation of central deflection with average compressive stress.

Figures 11 and 12 give the distribution of membrane stresses for two values of iixa2 jEh 2

which are indicated on the curves. These two values, 14·1 and 8·95 correspond to approxi
mately 7 and 4 times the critical edge-displacement. The values from [12] calculated at
the corners of the elements, i.e. points A, B, C, D are included for comparison since an overall

~
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~

'" 04>
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~-w

0·2

o

Initially flat plate ref 12
Finite element c/h'O'1

o Ref 13 c/h ,0,1

FIG. 8. Variation of effective width ratio with average compressive stress.
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--- Initially flat plate Ref. 12
- Finite element c/h=O·1
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FIG. 9. Variation of central deflection with average compressive stress.

plot showed that the membrane stresses were not varying very steeply towards the edges of
the elements.

Figure 13 shows similar curves for the extreme fibre bending stress (Jxb along RS. Here
the agreement with [12] calculated at the corners is not so good but an overall plot of the
bending moments showed that for iia2/Eh 2 = 14·1 they were varying quite steeply towards
the line BD. Also included on Fig. 13 are values of (Jxb along BD obtained by plotting
values at the centre of the elements, along lines tt, and drawing smooth curves through them.
These show much better agreement with [12].

Where it is thought useful the number of increments used in the solution are indicated
on the curves.

.~

~ 06
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'".~ 0-4
U
'"
w

o

--- Initially flat plate ref. 12
-- Finite element c/h=O·1

o Approximate formula ref. 21

02

o 4 6

Actual edge displacement
Critical edge displacement

FIG. 10. Effective width ratio.
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FIG, II. Membrane stresses.
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FIG. 12. Membrane stresses.
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FIG. 13. Bending stresses.

7. DISCUSSION

The main restriction on the use of finite element techniques is the capability of the
computer to deal with large sets of simultaneous equations quickly and efficiently. Due to
the highly nonlinear behaviour of plates near their critical load, as many as thirty incre
ments were used to obtain the results for the post-buckling problem, which meant assemb
ling and solving a set of 125 degrees of freedom, thirty times. However, satisfactory results
could have been obtained using less than half this number of increments (checked using
Newton-Raphson iteration). The time for one increment on the Atlas computer at Harwell
was approximately 1 min resulting in a considerable cost for the complete solution. When
such a large number of increments is required it is more economical to solve the set of non
linear algebraic equations resulting from equation (1) when U is expressed in terms of
nonlinear strain displacement relationships. One such method of solution is the Newton
Raphson method which was used in Section 4.

The capability of the finite element method to deal with almost any type of boundary
conditions, anisotropy, material imperfections and plasticity should be taken into con
sideration when discussing the economics of the method.
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APPENDIX 1

Stiffness matrix for shell element

The derivation of the incremental stiffness for a shallow shell element shown in Fig. 14
follows that for the curved beam element

The nodes are denoted by i,j, k, I and displacements in the x, y, z directions by u, v, W

respectively, The degrees of freedom at node i are Wi' ()xi, ()Yi' ui and Vi (()xi == owl ox';).
For initial deflection Wo and final deflections w, u, v the strain energy of the element is

D rb ra

U ="2 J
o
J

o
[(wxx-wo,xx+VWyy-VWO,yy)(wxx-wo,xx)

+ (wyy - WO,yy +VWxx - vWo,xx)(wyy - WO,yy) +2(1- v)(WXY - WO,Xy)2] dx dy

fbfa 12122 12122
+B 0 0 [(ux+rwx-zwo,x) + (Vy+1W y -zwo)
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+2 (, 1 2 1 2)( 1 2 1 2 )Vux+'2wx -'2WO,x uy+'2Wy -'2WO,y

+!(1- v)(uy+ Ux+ wxwy- WO,xWO,yf] dx dy

where D = Eh 3/12(1- v2
); B = Eh/2(1- v2

). Let A denote increments in u, u and w. Then

U +AU = ~ f: Lq[(Wxx+AWxx- wO,xx+ VWyy + vAwyy - VWO,yy)(wxx+Awxx

-wo,xx)+etc.] dx dy

y~---7'
My, By

r-_-+ X,u

y,v

z, w

FIG. 14. Shallow shell element.

Substituting AU into equation (6), cancelling terms equivalent to Pi and neglecting
third and higher order terms in incremental quantities we obtain the matrix form equivalent
to equation (8).

{Mqr{AP} = J: J: o[AwXX' Awyy ,2Awxy , Aux, Auy, Aux, Auy]

I I I
D I vD I I Awxx

I I I
vD I D I I Awyy
--+----1-----_�

I I D(1-v)1
I I I 2Awxy
I I 2 I

--l--l----~---T-----I----I---
x I 2B I I I 2vB Aux dx dy

I---T-----r----~---
: I B(1- v) I B(1- v) I Auy
---+-----~-----I---

: I B(1- v) I B(1- v) I Aux1 l L ~ _

I 2vB I I I 2B Auy
I ! ! I

+ f: J: b[Awx, Awy, Aux, Auy, Aux, Auy]
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2Bux B(1- v) I

I
+2vBvy X {uy+vx} I

I
I I

3Bw2 +Bw2 2Bwxwy 2Bwx I B(1- v) I B(l- v) I 2vB L1wxx y I I I
I X wy I X wy I X W x
I I I

-B(wL
I I I

-B(l- v) I I

+vWL)
I I

x wO.xwo.y I I

B(l- v) 2Bvy I
I

x {Ul'+vx} +2vBux I
I I I

3Bw;+Bw;
I I I

x 2Bwxwy 2vB I B(1- v) I B(1- v) I 2Bwy L1wy dxdy.xw I xw I XW Iy I x I x I
I I I

-B(1- v) -B(wL I I I
I I I

X wo.xwo.y +vWL) I I I

: I I
I I

2Bwx 2vBwy L1ux
-------- --------

B(1- v)wy B(1- v)wx L1uy
-------- --------

B(1- v)wy B(1- v)wx L1vx
-------- --------

2vBwx 2Bwy L1vy

The displacement functions chosen for w, u and v are as follows:

w = [1,x,y,x2,xy,y2,x3,x2y,xy2,y3,x3y,xy3,0,0,0,0,0,0,0,0]{a}

u = [O,O, etc. 1, x,y,xy, 0, 0, O,O]{a}

v = [0,0, etc. 0,0,0,0,1, x, y, xy]{a}.

Proceedings as for equations (8H13) we again obtain the form

The formation of [KG] will involve the following integral

821

(la)

which is similar to equation (13), the p's implying for a plate. The multiplication ofthe above
matrices leads to a (20, 20) matrix, a typical element of which might be

Consideration of the shape functions will indicate that the obtaining of the explicit
form of the double integral equation (1a) is indeed a formidable task. Hence in the present
work, the integration was performed numerically in the computer, using the Gaussian
quadrature formulae (Zienkiewicz [22]).
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APPENDIX 2

N ewton-Raphson method

The Newton-Raphson method [19] has been used [2,3] and in conjunction with a per
turbation technique [4] to solve the sets of nonlinear equations derived from equation (1).
It is here shown that the Jacobian matrix used in that method is identical with the linear
incremental stiffness matrix.

Consider the solution of two nonlinear, algebraic, simultaneous equations in variables
ql' q2

and let (XI' (X2 be roots of these equations. Expanding f, g as Taylor series in the neighbour
hood of (XI' (X2

Thus

of of
L1q I oq I +L1q2 Oq2 = -.f

og og
L1qloql +L1q2

oq2
= -g

where L1ql ~ (XI -ql' L1q2 ~ (X2 -q2 and the values of f, g and their derivatives are the
values at qI' q2' Hence the following recurrence formula can be constructed.

of of
L1q I

oql
,

Oq2

og og
L1q2, -

oql Oq2 K K+I

i.e.

Equation (lb) is true for any number of variables qi and

[J] = oU, g, ...)
O(ql,q2"')

is the Jacobian of f, g, ....

f

g
K (1b)
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Now return to equation (l). The force displacement equations derived from this equation
can be written

au
::;--P1 = 0 =!(ql,qZ"')
vql

au
::;--Pz = 0 = g(ql,qZ"')
vqz

If the Newton-Raphson method is applied keeping loads P j constant

azu a2 u

aqr'aql,aqZ'"

azu
[J] ==

aqzaql

(2b)

(3b)

Differentiation of equation (1) with respect to qj yields

a2 u aPj I1Pj
-::----::- = - ~ -
aqj, aqj aqj I1qj

a2 u
-aa . I1qj ~ I1P j.

qj qj

The stiffness coefficient relating the increase in nodal force I1P j to the increase in nodal
displacement I1qj is

Then from equation (3b) we have

(4b)

i.e. the Jacobian matrix for displacements {qh is identical to the linear incremental stiff
ness matrix for displacements {q}K.

Slight modification of the preceding theory is necessary when Newton-Raphson itera
tion is performed keeping one of the displacements constant instead of the loads.

(Received 18 September 1970)

A6CTpaKT-YKa3bIBaeTCSI ):lOCTOHHCTBO HcnOllb30BaHHll IlHHeapH30BaHOH MaTpHUbl K03ifHjlHllHeHTOB

)I(eCKHKOCTH ):lIlSl Cpe):lHerO npHpall\eHHSI B aHallH3e npHpall\eHHSI KOHe'lHOrO 31leMeHTa, ):lIlSl HellHHeHHblX

CTpyKTyp. MeTO):l npHMeHlIeTCSI ):lllll 3aKpHTH'IecKoro aHaJIH3a HecooepweHHoro npS/Moro CTep)l(Hli H

nnaCTHHKH. OC06eHHOCTblO 3TOH pa60Tbi lIBIlS/eTCli lICHOe npe):lCTaBJIeHHe npollecca npHpall\eHHlI, Hcno

JIb30B~HHe TeOpHtI nOJIOrHX 0601l0'leK Mapreppa C uenblO H36e)l(eHHH npe06pa30BaHHH Me)l():ly Iloxa·

IlbHblMH H rllo6allbHblMH OCS/MH H paC'leT HanpSl)l(eHHH B 3aKpHTH'IecKOM COCTOllHHH. YKa3bloaeTcli pno

.iI:06He paC'leTa Allli npolleccoB npHpaWeHHJl H lfMepaTHBHoro HbIOTOHa-Pa$cOHa.


